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ABSTRACT 
The shadow optical method of caustics is a relatively new 
experimental technique in stre·ss strain analysis. Currently, a mid-
plane. analysis is commonly used to obtain crack-tip stress 
intensity factors from caustics. The present work will demonstrate 
an exact geometric optical mapping which leads to the formation of 
transmission caustics of an optically isotropic material. 
When a cracked plate under plane stress is subject to mode-I 
tensile loading, its thickness is reduced due to Poisson's effect and 
its refractive index is changed according to the Maxwell-
Neumann's stress-optic law. If a light ray hits surface of the 
transparent specimen at a point, the ray changes its direction with 
respect to normal direction ·of the surf ace due to refraction. Then 
the light ray runs inside of the material but differences in 
magnitude of stress field affects the direction of propagation. 
Later, the light ray hits the back side of the specimen which is also 
deformed by stress and it changes its direction again. A group of 
light rays like above make a caustic image on a screen. From this 
caustics image, the stress intensity factor on a crack-tip can be 
calculated. 
The re-evaluation of the mid-plane approximation will be 
presented. The ideas and steps of the exact geometric optical 
caustics will also be demonstrated. In obtaining caustics by the 
exact geometric optical method, the deformation of the cracked 
plate is observed using the series expression for the stress field. 
1 
Also the influence of the non-singular terms on the shape of 
caustics is. studied numerically. 
Transmission caustics are fori;ned due to a change in light ray 
paths caused ~y two different physical effects, i.e. deformation 
effect and stress-optic effect. The results from liquid immersed 
caustic, formed entirely due to the stress-optic effect, will be 
demonstrated and compared to those of regular air caustics. 
Furthermore, non-circular initial curve from numerical back trace 
of the exact geometric optical caustics will be studied. 
Finally, the problem of determining a caustic diameter that 
leads to an accurate calculation of the stress-intensity factor is 
examined from an experimental standpoint. 
2 
CHAPTER ONE 
OVERVIEW OF THE THESIS 
1 . 1 GENERAL REMARKS 
The shadow optical method of caustics is a relatively new 
technique in stress-strain analysis. It was proposed by Schardin 
[ 1] in 195 9 and it has been developed further to determine stress 
intensity factors at a crack-tip and the }-integral [2]. In 1964, 
Manogg [3] used the method of caustics for investigating crack-tip 
stress intensity factor. Later on, Theocaris [ 4] and other authors 
like Ravi-Chandar and Knauss [5], Karnath and Kim [6], Rosakis [7], 
and Zehnder [8] extended the method of caustics to different 
conditions of loading, material behavior, and static as well as 
dynamic responses. In 1981 Phillips and Sanford [9] studied the 
effect of higher order non-singular stress terms, in the crack-tip 
stress field, on caustic shapes. Among other authors who have 
investigated non-singular caustics are Theocaris [ 10], Spyropoulos 
[ 11], and Lee [ 12]. The analysis of the light ray mapping used in 
all the works above will be called here the mid-plane approach. 
The main purpose of this thesis is to examine the mid-plane 
approach in terms of a numerical solution of the exact geometric 
optical mapping equations. The influence of non-singular terms in 
3 
the two-dimensional crack-tip stress field on caustic mapping is 
examined here using the mapping solution. 
The practical question of using specific caustic diameters for 
data reduction is addressed experimentally. Different diameters 
are defined from caustic images and stress intensity factors are 
computed from these diameters. 
1 . 2 MOTIVATION FOR THE PRESENT WORK 
In analysis of crack-tip stress field, the mid-plane approach 
is widely used. Th.e mid-plane approach leads to a standard 
equation which can be used to compute stress in tensity factors 
from different characteristic caustic diameters. This approach 
involves certain approximations which will be examined in detail 
later. A critical study of the mid-plane analysis was presented by 
Rosakis and Zehnder [8]. They examined the rationale and validity 
of the various approximations. They concluded that care must be 
exercised in using mid-plane caustic formula, especially in regions 
of steep deformation gradients, i.e. very close region to the crack-
tip. 
Rosakis et al. [2,7 ,8] primarily studied reflection caustics and 
presented a physical formulation based on geometric optics. A 
simple mapping procedure for transmission caustics based on 
physical geometric optics was presented by Mahajan and Ravi-
Chandar [ 13]. The results of this procedure were compared with 
4 
the predictions of the mid-plane analysis. However, only the 
singular term was used in the power series which represents the 
crack-tip stress field, and the effect of non-singular terms on 
caustics initial radius shapes was not examined. 
The purpose of this thesis is to re-evaluate the mid-plane 
approximation and to construct reinforced exact geometric optical 
caustic theory which includes the effect of the light path change 
inside of the specimen due to the variation of the stress field. The 
effects of non-singular terms of power series in crack-tip stress 
field on transmission caustic shapes will be examined also. 
Furthermore, the effects of non-singular terms will be compared to 
those of Theocaris [14] and Ioakimides (15] for optically isotropic 
materials. 
In this thesis, attention is restricted to transmission caustics 
formed in cracked plates made of optically isotropic materials. 
Since the mapping approach for exact geometric optical caustics 
does not involve the approximations associated with the mid-plane 
analysis, the results from exact geometric optical caustics are 
intended as bench marks for the predictions of the mid-plane 
approximation of caustics. 
Transmission caustics are formed by a combination of two 
influences, i.e. deformation effect and changes in refractive index. 
In order to examine the effect of each of these influences 
separately, they have to be separated. To accomplish this 
separation the liquid immersed caustic was introduced and 
examined experimentally and numerically by Mahajan and Ravi-
5 
Chandar [13]. Their work, which involves immersing the cracked 
specimen in a index matching medium, is extended here to 
examine the effect of the non-singular terms. 
The initial radius of the caustics is shown to be a circle for 
the singular term mid-plane approach. However, the result which 
trace back several points on the caustic curve to corresponding 
initial radius points .shows that initial radius is not a circle. Initial 
radius of the caustic is shown to be non-circular by Spyropoulos 
[ 11] when higher order stress terms are involved. In this thesis, 
the non-circular initial curve of the caustic will be obtained by 
using numerical simulation of the exact geometric optical caustics. 
1. 3 STRUCTURE OF THE THESIS REPORT 
This thesis report is constituted of three parts as follows: 
PART A: INTRODUCTION AND MID-PLANE APPROXIMATION 
This part is concerned with an conventional study of caustic 
formation. It consists of the Chapters one and two. They can be 
briefly explained as follows: 
• Chapter one is introduction and historic evolution in stress-
strain analysis of caustics. A brief overview of the thesis is 
presented as well as the motivation of the thesis. The important 
topics of the thesis work are also mentioned. 
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• Chapter two describes the con·ventional 
. 
mapping 
approximation -of -mid-plane caustics. The result .and possible weak 
points of the mid-plane approximation are studied. 
PART B: EXACT GEOMETRIC OPTICAL CAUSTICS 
This part of the thesis contains principles in exact geometric 
optical mapping equation of transmission caustics. 
• The first section of the Chapter three is the brief introduction 
and development -of the exact geometric optical caustics. 
• The second. section of the Chapter three contains motivation 
of present work. 
• Detailed analysis of the formation of the exact geometric 
optical caustics are explained in detail in the third section of the 
Chapter three. 
• An example of numerically simulated image using the exact 
geometric optical caustics will be presented. 
PARTC: RESULTS 
The results from the mid-plane analysis and the exact 
geometric optical caustics are compared in Chapter four. The 
experimental results are shown in Chapter five. 
• The first section of the Chapter four contains comparison of 
the results of mid-plane and exact geometric optical caustics. 
7 
• The effect of higher order stress terms are shown in the 
second section. The- tables of errors between mid~plane and higher 
order caustics are shown as well as shape changes. 
• The third section contains a discussion about liquid 
immersed caustic. A brief introduction and motivation of the work 
is shown. The results of the liquid immersed caustic are presented 
as well as comparisons with conventional caustic. 
• The last section of the Chapter four explains the non-circular 
initial radius of the caustics. The concept of the non-circular initial 
radius and numerical result are presented. 
• The Chapter five contains the experimental results of caustic 
. images. The experimental setup and the caustic diameter 
definition in digitized image are discussed. 
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CHAPTER TWO 
ANALYSIS OF MID-PLANE CAUSTICS 
2. 1 INTRODUCTION 
A caustic is a sharp boundary line between the dark area 
surrounded by concentrated light due to deflection of light rays in 
the near crack-tip region. These deflections in light rays are 
caused by surface deformations and refractive index change due to 
stress around the crack-tip. The shadow optical images of the test 
specimen under load have very simple geometric patterns in 
general. Because of this simplicity, the relationships between 
rather complex physical phenomena and the caustic image can be 
evaluated easily. The mid-plane approximation is a mathematical 
analysis which tries to derive out stress concentration factor from 
a caustic image. In Chapter 2.2 the principles of mid-plane 
analysis in transmission as well as reflection will be explained. 
Later, a computer simulated picture from analytically derived 
mid-plane analysis will be demonstrated. 
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2. 2 ,.fHEORY OF MID-PLANE APPROXIMATION 
The mid-plane approximation for caustic formation is based 
on the assumption that the light path changes in the specimen can 
be replaced by a single discrete deviation at the specimen mid-
plane. A mapping transformation of_ points on the specimen, i.e. 
object plane, onto the screen plane, i.e. shadow optical image plane, 
is used to describe the formation of the caustic. The situation 
shown schematically in Figure 2.1 describes a transmission 
arrangement and registration of a real shadow optical image of 
caustics. In the Figure, a notched transparent specimen under 
Mode-I tensile loading condition is used. 
An incident light ray at the point P with _its position vector r 
on the object plane will map Pn if it does not experience deflection 
in the specimen. However, deformation and change in refractive 
index on the specimen due to stress, cause a shift the light 
direction. This shifted light would hit the image plane E' at the 
point P '. 
The image vector r ', a vector from the or1g1n to point P' on 
the image plane, can be described as summation of the incident 
vector r and shifting vector w. 
- -+ -r' = r + w (2.1) 
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The optical path length change, ~s, and screen distance, zo, govern 
the magnitude and direction of the vector w. The theory of eikonol 
[16], described in detail in Chapter 3.3.2, quantifies the vector w as 
- - -w = - zo grad ~s ( r, $ ) 
with zo > 0 for transmission 
zo < 0 for reflection 
(2.2) 
Therefore, the image vector r' can be described by following 
equation 
.. .. - ... 
r' = r - zo grad ~s ( r, $ ) (2.3) 
where ~s is optically changed light path length due to the change 
of the specimen thickness and of the refractive index of the 
specimen as a result of a loading. The optical path length, s, is 
defined as follows; 
s = no • deff (2.4) 
where no = refractive index of the 
material without any stress 
deff - effective thickness of specimen. 
The optical path length after the application of any kinds of 
loading can be written as 
1 1 
------ P' 
-------
-------
--------
Object Plane 
( Specimen Mid plane) 
Image Plane E' 
Figure 2.1: Deflected light vector mapping of the mid-plane 
caustics. 
(2.5) 
Here, ~ d eff is change in specimen thickness due to stress and n 
represents the refractiv.e index of the stressed specimen. Finally, 
the optical _path length change is subtraction of equation (2.5) from 
equation (2.4 ). 
s = s - s' = ( n - 1 ) /1 deff + deff Ii n (2.6) 
In transmission caustics, the surf ace deformation at both 
sides of the specimen should be considered in the optical path 
length change. However, in reflection caustics, the optical path 
length change takes count on only one surface of the specimen. 
Therefore, the effective thickness, deff, should be d/2 and the 
refractive index, n, should be -1 because the light ray changes its 
direction in reflection caustics. 
By Maxwell-Neumann's stress optic law [17], the refractive 
index change inside of a material due to stress can be written as 
follows. 
~ n1 = no - n1 = A cr1 + B ( cr2 + ·a3.) 
~ n2 = no - n2 = A CJ2 + B ( CJ1 + CJ3 ) (2.7) 
A,B - stress optic coefficients which 
depend on material 
13 
n1, n2 - refractive index along the principal 
directions 
- principal stresses 
If the stressed material is optically isotropic, the values of A, B are 
identical. For the reflection cau·stics, the refractive index change 
does not take part in the formulation of caustic equation, i.e. A ·. B 
= 0 in reflection. 
The change in the thickness of the specimen can be simply 
accounted for by Hooke's law [18]. 
(2.8) 
where a3 = 0 in plane stress 
~ deff = 0 in plane strain 
Therefore, equation (2.6) can be rewritten using the 
equations (2.7) and (2.8). The optical path length change, ~ s 112 
along the principal direction can be expressed as [3] 
{2.9) 
where 
c = A+B - ( n - 1 ) Y. 
2 E 
A= A-B 
A+B - 2 (n-1) v/E :for plane stress 
14 
and 
C """"'. A+B +VB 
2 
A= A-B 
A+B -2 v B for plane strain 
As clearly shown in the characteristics of an optically isotropic 
material, A and B are equal to each other, hence A goes to zero and 
L\ s1 is same as L\ s2. 
If we only consider optically isotropic transparent material, 
the Figure (2.3) represents the relationship between the light 
incident points P ( r, 0 ) on the specimen plane to the image point P' 
( x', y' ) on the image plane. This mapping relationship can be 
written as f oBowing equation (2.10). 
x' = f COS ( 0) + '/~~ Z0 C deff r 3/2 COS ( i 0) 
y' = f sin ( 0 ) + '/~~ Z0 C deff r 3fl sin ( i 0 ) (2.10) 
from 
crr = Ki ( 5 cos ft - cos 1 e ) 
4 ~2 1t r 2 2 
0'9 = 4-dn ( 3 cos!+ cos}e) 
'tre = K 1 ( sin ft + sin 1 0 ) 
4 ~2 1t r 2 2 
The derivation of crr,CJe and 'tre will be shown in Chapter 3 in detail. 
The caustic curve is the intersection of the image plane and 
the caustic surface, which is an envelope from family of the 
15 
Mode-I loading 
LIGHT 
CONCENTRATION 
--tll~~it--------zo------- SHADOW AREA 
Figure 2.2: 
crack-tip 
LIGHT 
CONCENTRATION 
Caustic formation by deflected light ray 
distribution. 
1 6 
deflected light rays as shown in Figure 2.2. This caustic curve is 
multi-valued, singular solution of the equations (2.1) and (2.2). A 
necessary and suffi~ient co·ndition for the existence of this singula~ 
curve, i.e. caustic, is that the J acobi_an functional determinant of the 
equations (2.1) and (2.2) becomes zero. This condition can be 
written as 
a ( XI , X2) 
J -
a(r,8) 
-
ax' a y' 
a r a e 
ax' a y' 
---=0 
a e a r (2.12) 
The Jacobian equation (2.12) shows that the caustic is a mapped 
image on the image plane of points which lie on a circle on the 
specimen plane. This circle is called initial radius of the caustic. 
By applying the equation (2.12) to the mapping equation (2.10), 
we can get a formula for the initial curve of caustics. The initial 
radius of caustics, ro, is written as below. 
( 1 K1 lzd let 2/5 ro - deff ) 2 ~2 re (2 .13) 
where K1 - stress intensity factor -
zo - screen distance 
-
let optical constant of . - specimen 
-
deff - effective thickness of specimen 
-
This initial radius of caustics from an evaluation of Jacobian can be 
used in equation (2.10). Thus position of the image point P' (x', y') 
can be rewritten as. 
17 
x' = ro ( cos 0 + 1 cos 30 ) 2 2 
y' = ro ( sin 0 + 1 sin 30 ) 2 2 
for -n < e < n 
(2 .14) 
The transverse diameter of caustics D t is related to the initial 
curve by the equation below. The transverse diameter is 
calculated by the positions from the equation (2.14) and related to 
the initial radius from the equation (2.13 ). 
Dt - 3.17 · ro (2.15) 
Finally, using the equations (2.14) and (2.15), we can obtain a 
formula which relates the size of the transverse caustic diameter 
with crack-tip stress intensity factor. 
(2.16) 
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2. 3 IN1,ERPRETATION OF MID-PLANE 
APPROXIMATION 
As shown in the section 2.2, the stress intensity factor can be 
determined simply by measuring transverse caustic diameter D t· 
The validity of mid-plane approximation should be examined since 
this method assumes that the specimen is thin enough to neglect 
the effect of stress variation inside the specimen and severe stress 
_gradient around the crack-tip. Because the initial radius of the 
caustics is dependent upon the screen distance from the specimen, 
zo; stress variations at different distances from the crack-tip can be 
observed, by changing the screen distance from the specimen thus 
varying the initial radius of caustics. Rosakis and Ravi-Chandar [7] 
conducted a series of experiments in order to establish the range 
of validity of the two-dimensional stress field using compact 
tension specimen. The experimental stress intensity factor K exp 
was obtained using the mid-plane approximation of caustics and 
compared with the two-dimensional stress intensity factor K20, as 
obtained from specimen configuration and far-field loading. It was 
found that if the initial radius and specimen thickness ratio ro / h is 
lesser than 0.5, the stress intensity factor evaluated from mid-
plane caustics Kexp differs significantly from the value of the stress 
intensity factor as calculated from the specimen configuration and 
far-field loading, K20. 
The stress intensity factor K 1 can be determined by 
measuring the transverse caustic diameter D t as described in 
1 9 
equation (2.15). The Figure 2.3 is an example of mapping of light 
rays using the mid-plane approximation of caustics. Optically and 
elastically isotropic material PMMA (Plexiglas) is commonly used 
in experiment for calculation of the initial radius r0 . ·The material 
constants are specified in Table 2.1 [19]. For the Figure 2.3, the 
thickness of specimen h was set as 2.54e-3 meters and the screen 
distance from specimen zo was set as 1000 times of the specimen 
thickness h, i.e. 2.54 meters. After setting the stress intensity 
factor K I equals to 0.4MPa-vm, the initial radius of c.austics r0 is 
calculated according to the equation (2.13 ). The determination of 
mapping position x', y' of the light ray follows equation (2.14). The 
radius of light incident point on the specimen r was varied from 
0. 8 r0 . to 1.2 ro. while e changes from O to n. The Figure 2.3 
represents only the singular term of the crack-tip stress field. It is 
clearly shown in the Figure 2.3 that the incident light in and 
outside of the initial curve maps outside of the caustic curve and 
the transverse caustic diameter Dt equals to 3.17 ro. 
Young's Modulus (MN I m2) 3240 
Poisson's Ratio 0.350 
Refractive Index 1.491 
Optical Constant A -0.530 e-10 
Optical Constant B -0.570 e-10 
Shadow Optical Constant for Plane Stress -1.080 e-10 
Table 2.1: Physical properties of PMMA 
20 
I 
-1 . 5 
Figure 2.3: 
>--1 
-0.5 
lf) 
0 
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Dtl 
I 
Image of calculated caustic using the mid-plane 
formula, equation (2.14 ). ( h = 2.54e-3 m, zo = 2.54 
m, K1 = 0.4MPa"m, and r = 0.8ro-1.2ro ) 
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CHAPTER THREE 
NUMERICAL SIMULATION OF EXACT 
GEOMETRIC OPTICAL CAUSTICS 
3. 1 INTRODUCTION 
In this Chapter, a physical optical rnapping which leads to the 
formation of transmission caustics of an optically isotropic material 
is demonstrated. When a cracked plate under stress is subject to 
in-plane mode-I loading, its thickness is reduced due to Poisson's 
[18] effect and its refractive index is changed by Maxwell-
Neumann's law [17]. If a light ray hits a surface of the transparent 
specimen at a point, the ray changes its direction with respect to 
normal direction of the surface deformation due to refraction. 
Then, the light ray runs inside of the specimen, but the differences 
in magnitude of stress field affect the direction of its propagation. 
This phenomenon is similar to that of mirage at a desert which is 
also due to differences of air density. Later, the light ray hits the 
back side of the specimen which also deformed due to the crack-
tip stress field and it changes its direction again. A group of light 
rays like above make a caustic image on the screen. From this 
caustics image, stress intensity factor on a crack tip can be 
calculated. 
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The paragraph above is a brief description of geometric 
optical caustics. Later in this Chapter, the ideas and steps of 
formation of the geometric optical caustics will be presented in 
detail. In order to obtain a formation of geometric optical caustics, 
the deformation of the cracked plate is observed using series 
expression for the stress field. Further, two important physical 
effects for geometric optical caustics, i.e. deformation -effect and 
stress·-optic effect will be examined and analyzed. In addition, a 
numerical simulation of geometric optical caustics will be 
demonstrated. 
3. 2 MOTIVATION FOR THE PRESENT WORK 
The mid-plane analysis involves a certain approximations 
and a critical study of this analysis was presented by Rosakis and 
Zehnder [8]. In their paper, the authors examined the rationale 
and validity of the various approximations and concluded that care 
must be exercised in using the caustic formula especially in regions 
of steep deformation gradients. Rosakis et al. [2, 7] primarily 
studied reflection caustics and presented an exact formulation 
based on geometric optics. A simple mapping procedure for 
transmission caustics was presented by Mahajan and Ravi-Chandar 
[ 13] and the results of this procedure were compared with the 
predictions of the mid-plane analysis. It was demonstrated in [ 13] 
that the predictions of the mid-plane approximation compare very 
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well with those of the geometric mapping procedure. However, in 
describing the deformation field due to the crack, Mahajan et al. 
[13.20], used only the singular term in the series expression of the 
crack-tip stress field and neglected the light path change due to 
the variation of the stress gradient inside of the specimen. The 
refractive index of a stressed material is various because of the 
different magnitude of stress field from the crack:..tip. ·Therefore, 
the light ray experiences a continuous change of refractive index 
and it changes its path according to the Snell's law [21]. ·This light 
path change can be expressed as a continuous and desecrate form 
of Snell's law [21]. The next part of this Chapter contains an 
extension of [13], and here the influence of the non-singular term 
on caustic shape is examined using the geometric optical mapping 
procedure. 
An examination of the crack-tip stress state was conducted 
by Rosakis and Ravi-Chandar [7] in order to establish the range of 
validity of the commonly used two-dimensional description. In 
their work, the authors used reflection caustics to show that when 
the dimensionless ratio ro / h (where ro is the initial radius of the 
caustic and h is the specimen thickness) is greater than 0.5, the 
two-dimensional stress field description is a good approximation of 
the actual stress state. The final conclusions reached by the 
authors [7, 13,22,23] were that at distances greater than half the 
plate thickness, from the crack-tip, the stress state is closely 
approximated by the plane-stress description. At distances closer 
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to the crack-tip, the state of stress is distinct from both the plane-
s tress and plane-strain ·descriptions. 
The two-dimensional stress state is represented as a ·power 
series, where the first term is singular and the strength of this 
singularity is the familiar stress intensity factor. Close to the 
crack-tip, this is the dominant term in the series and the general 
tendency is to focus on this term while neglecting the subsequent 
non-singular terms. A number of studies of the influence of these 
terms on different experimental methods have appeared in the 
literature [7,9,11,12,14,15,20,24]. In the present work, the 
attention is restricted to a case of transmission caustics formed in 
cracked plates made of optically isotropic materials. The effect of 
non-singular terms on caustics have been examined, among others, 
by Theocaris and Ioakimides [ 15] for optically isotropic materials 
and by Phillips and Sanford [9] for optically anisotropic materials. 
The purpose of this work is to re-evaluate basic caustic 
theory and to investigate the accuracy of current methods of 
caustic data reduction in the application of transmission caustics to 
static fracture problems. Since the exact geometric optical 
mapping of caustics can be described physically as explained in the 
Chapter 3 .3.2, these results are intended as benchmarks for the 
predictions of the mid-plane analysis. 
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3. 3 ME1,H0D OF EXACT GEOMETRIC OPTICAL 
CAUSTICS 
3.3.1 Principle of Exact Geometric Optical Caustics 
The geometric optical caustics only depend on physical 
phenomena of light. The mapping procedure of the exact 
geometric optical caustics is explained in Figure 3 .1. This Figure 
shows a cross section of a transparent plate of finite thickness 
which contains a sharp, through the thickness crack. This cracked 
plate is assumed to be an optically and elastically isotropic 
material for simplicity in calculation of light propagation. A local 
Cartesian coordinate system at the crack-tip with the origin 
situated at the middle of the crack front is introduced as 
illustrated in Figure 3 .2. This Figure shows that the image plane 
(screen) is placed at a certain distance zo from the object plane 
(specimen). Mode-I loading condition is applied to the specimen. 
The Mode-I loading is simple to apply and easy to extend to mixed 
mode loading conditions using superposition. Under the influence 
of far-field loading in x 1 - x 2 plane, the region around the crack-tip 
deforms as illustrated in Figure 3 .1. At the same time, the 
refractive index of the material is altered by the crack-tip stress 
field. The change of the refractive index follows the Maxwell-
Neumann's stress optic law [17] and new refractive index at a 
certain position can be determined if the state of stresses at that 
position is known ( equation 2. 7). 
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A family of parallel light rays travel in the x 3 direction pass 
through the specimen as shown in the Figure 3 .2. When the light 
rays hit the deformed surface S 1, they suffer a deviation of their 
parallelism due to the combined influences of the geometry and 
refractive index changes as shown in the Figure 3.1. The deviated 
light rays deflect outwards from the crack-tip region according to 
the Snell's la·w [21] and change their direction of propagation 
continuously inside of the specimen. These continuously changing 
light paths inside of the specimen can be analyzed by the solutions 
of the classical wave propagation and refractive index change. 
The classical wave equation will be introduced and solved in the 
next section. The continuously deviated light rays pass through 
the specimen, they run into another deformed surface S 2. The light 
rays again change their directions according to the Snell's law [21] 
and form a three dimensional envelope. The caustic curve is the 
singular curve formed by the intersection of this envelope by a 
screen plane which is parallel to the specimen plane. 
3.3.2 Analysis of Exact Geometric Optical Caustics 
The geometric optics can describe the path of light rays 
which form transmission caustics. A shown in the Figure 3.1, the 
parallel light rays start to travel in the x 3 direction within a 
medium A (air) which has a constant refractive index. The 
refractive index of the air na is equal to unity. Soon, those parallel 
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light rays encounter an interface into the surface of a specimen 
with a medium B which is the deformed through thickness crack in 
simple tension, Mode-I, loading. In order to calculate the 
deformed surface and refractive index change of the specimen, one 
should know the stress field around the crack-tip. The stress field 
around the crack-tip can be described as follows: 
1] The singular stress distribution surrou.nding a Mode-I crack 
[25] having free faces at 0 = +n varies inversely as the square root 
of r, and each stress component varying trigonometrically with 
respect to e. Hence, the stress intensity f ac.tor KI is defined as [9] 
K1 = lim cr8 ( r, 0 ) v2 1t r 18 = 0 
r~O (3 .1) 
Following Sanford's [26] generalization -of the Westergaard 
formulation [27] for crack problems, two complex analytic stress 
functions Z(z) and 11 (z) are introduced, where z = r eie = x + iy, subject 
to the restrictions 
Re {Z} = O for 0 = + 1t ( for x < O and y = O + ) 
and 
Im { 11} = 0 for y = 0 ( for all x and y = 0 ) (3.2) 
Then according to the derivation of Phillips and Sanford [9] the 
Cartesian stress components can be derived from the relations as 
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O"x (r, 0) = Re{Z} - y Im{Z'} + y lm{rl'} - 2 Re{11} (3.3) 
O"y (r, 0) = Re{Z} + y lm{Z'} - y lm{rl'} (3.4) 
·'txy (r, 0) = ~y Re{ Z'} + y Re{ Tl'} + lm{11} (3.5) 
These Cartesian stress components will automatically satisfy the 
compatibility, static equilibrium equations and vanishing tractions 
on the crack faces. According to the analysis by Phillips, Sanford, 
and Beinert [24] the suitable expressions for Z(z) and 11 (z) are 
00 
(3.6) 
00 
11(z) = K1 L 8m ( _z__ )m+l/2 
112nz m=O ro . (3.7) 
Here, Yn and 8m are real dimensionless coefficients. Fundamentally 
it is assumed that the singular term in the equation (3.6) is always 
exist. The singular term is written as 
K1 
112 n z Yo ( 3 . 8 ) 
The value of Yo is always equal to unity and this can be 
demonstrated using the equation (3 .4) and the equation (3 .1 ). The 
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values of the higher order coefficients 80, y1, 81, y2, 82 ...... govern the 
strength of the non-singular terms zO, zl/2, zl, z3/2, z2 ...... . 
In order to evaluate the deformation of the spe_c1rrien and 
refractive index change due to stress, one should determine both 
the principal stress sum ( a 1 + <J2) and the principal stress difference 
( cr 1 - cr 2). The principal stress sum can be expressed in terms of the 
stress functions Z(z) and 11 (z) . It can be shown that 
(cr1 +cr2) = 2Re{Z} - 2Re{11} (3.9) 
Similarly, the principal stress difference can be written as 
( <J1 - <J2) = [ ( 2 y lm{11'} - 2 Re{T1} - 2 y Im{Z'} )2 
+ (2 y Re{T1'} + 2 lm{'Tl} - 2 y Re{Z'} )2 ] 112. (3 .10) 
For short cracks and for cracks approaching the boundary of 
the specimen, the possible influence of the higher order terms 
must be considered [28]. Therefore, the equation (3.9) and (3.10) 
can be expanded in terms of power series in r times trigonometric 
functions of e. The principal stress sum is described as below. 
Ki Yo 0 Ki 80 
= 2 cos (-) r-1/2 - 2---=--~ fin 2 fin rol/2 
+ Ki 'YI 2 cos (ft) rl/2 - 2 Ki 81 cos ( 0 ) r 
fin ro 2 fin r03/2 
+ Ki 12 2 cos ( 30 ) r3/2 - 2 Ki 82 cos ( 2 0) r2 
fin ro2 2 ifi ro5/2 
(3 .11) 
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In the equation (3 .11 ), Yo is unity as explained before and 80 , y1, 81, 
y2 , and 82 are dimensionless coefficients. The r0 is a characteristic 
length which can have any positive value. For convenience, the r0 
is set as same value as initial radius. 
2] After determination of the crack-tip stress field, the 
Cartesian components of the stress distribution at the crack tip· can 
be expressed in cylindrical polar coordinate system as 
(3.12) 
a , ~ = 1, 2 
where K1 is the stress intensity factor and fa~(0) are characteristic 
functions. For assumed plane stress conditions, i.e. CJ3i = 0, the out 
of plane displacement u3 is given as [22] 
-V X3 
u3 ( r, 0, x3 ) = E ( <J1 + <J2 ) . (3.13) 
where V - Poisson's ratio and 
E - Young's modulus of elasticity 
This equation (3 .13) is used to obtain the deformed surf aces S 1, 
and S 2 of the specimen (Figure 3 .1 ). The surfaces S 1, and S 2 can be 
formulated as 
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St,2 ( r, e ) = ~ + X3 + U3 (r, 0, + ~ ) 
' 
(3.14) 
where h is the thickness of the specimen. 
3] The refractive index of a specimen is changed by stress field 
according to the Maxwell-Neumann's stress optic law [17]. The 
change in refractive index can be described by the stress optic 
relationships shown below: 
(3.15) 
(3.16) 
In the equations (3.15) and (3.16), 11 n1, and 11 n2 are the refractive 
index changes of light polarized along the directions of the 
principal stresses cr1, and cr2 (in the x 1 - x 2 plane). The constants c 1, 
and c2 are material stress optic coefficients respectively. The no is 
the original refractive index of the unstressed specimen. 
If a material is said to be optically isotropic, the magnitudes 
of the stress optic coefficients, c 1, and c 2, are equal, i.e. c 1. = c2 Thus 
for the case of an optically isotropic material under plane stress 
conditions (CJ3 = 0), both equation (3.15), and (3.16) can be written 
as 
(3.17) 
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where n(x) is stress affected· refractive index at any point x in the 
material and c is equal to the stress optic coefficients c 1,and c2 . 
4] In order to describe the entry of the parallel light rays to the 
specimen, here a specific light ray, which encounters the deformed 
specimen surface S-i at point P, is considered. When the light ray 
hit the point P, one can calculate the amount of deformation, 
magnitude of the stress field and change of the refractive index 
using equations of the former sections 1], 2], and 3] sinc.e the 
position of the point P is known. As shown in Figure 3.3, the light 
-ray which propagates in the ~ 3 direction, is marked as e1. The 
-normal vector of the deformed surface S 1 at the point P, say e2, is 
known by the following equation 
(3.18) 
where, 
a s1 - 1 a s1 - a s1 -V S 1 - Ur + r U9 + . Uk 
ar ae az 
and 
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es 
e1 
e2 
-Figure 3.3: Formulation of the inlet vector e3. 
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(a s 1 )
2 
+ (a s 1 )2 + (a s 1 )2 
ax ay az 
- -Now, all the components of the two vectors e1, and e2 are known. 
-Thus the three unknown components of the inlet vector e3 (Figure 
3.3) can be evaluated using Snell's law [21J. By the Snell's law, 
(3.19) 
- -where 01 comes from the dot product of two vectors e1, and e2. 
- -e1 ·e2 = - cos (01) (3.20) 
Therefore, 02 can be written as 
0 . -1 ( Il 1 sin ( 0 1) ) 2 = Slll 
n2 . (3.21) 
Then, one can have three equations below which lead to the 
solution of the three unknown inlet vector components. 
- -e 1 . e3 = cos ( 01 - 02 ) 
the vectors are co-planar 
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(3 .22) 
- - -e 1 · ( e2 x e3 ) = 0 (3 .24) 
The light path out of the specimen, i.e. exit ray at a certain 
point Q on the surf ace S 1 (reference Figure 3 .1) can be found as 
similar manner discussed above. 
5] The path of a light ray in <:l medium with a continuously 
varying refractive index can be analyzed form the solution of the 
classical wave equation. 
written as 
The classical wave equation [20] is 
2-
a E - v2 ~ E = 0 
' 
(3 .22) 
where -E - electric field vector,. 
- Laplacian operator and 
v - speed of light in the specimen 
The light speed v is a function of position in the specimen. The 
general solution of this classical wave function is an eikonol 
equation [16] shown as below. 
E ( x, t) = B(x) exp [ i ( 1:(x) + co t ) ] (3.33) 
In the equation (3.33), function 1: (x) is called the eikonol and B (x) 
is amplitude of the wave. This general solution can be studied by 
37 
comparin_g it with the one-dimensional solution of the wave 
equation. A solution of this general equation for the one-
dimensional wave motion in a homogeneous medium is expressed 
below 
E · = B exp [ i ( kx + ro t ) ] (3.34} 
In the equation (3.34}, k represents wave number, ro is the wave 
frequency, B is amplitude of the wave, and (kx+rot) represents the 
wave phase. If the wave phase is a constant, one can have the 
motion of a wave-front. According to the analogy between 
equations (3.33) and (3.34), one can have a formula which 
represen_ts a movi~g wave-front, i.e. a light ray, of constant phase. 
The formula can be written as 
L(x) + cot = constant (3.35) 
If 1~ is chosen to represent a vectqr normal to this wave-front, 
derivative of the equation (3.35) becomes 
grad ( L(x) ) · di} + ro dt = 0 (3.36) 
Since the wave-front moves at the local speed of light, the wave 
number k can be expressed as below. 
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(3.37) 
Therefore, the equations (3.36) and. (3.37) yields an eikonol 
equation [ 16] 
lgrad 1:(x~ = lkl. (3.38) 
The path of the light ray in a medium with a continuously varying 
refractive index can be delivered form a simple manipulation of 
the equation (3.38). It is written by the continuous form of Snell's 
law [21] as 
.. 
dnt = grad ( n ) 
d1~ (3.39) 
.. 
Here t is unit normal vector to the wave-front, 1~ is a infinitesimal 
scalar length along the ray path, and n is magnitude of refractive 
index vector. 
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3.3.3 Numerical Simulation of Exact Geometric 
Optical Caustics 
The procedure described in the section 3.3.2 can be used to 
determine the path of a number of parallel light rays at different 
distances from the crack tip. A numerical scheme that involves 
the discretization of the equation (3.39) was used to compute the 
path of light rays and to obtain caustic curves. An example of such 
numerically simulated caustic curve is shown in Figure 3 .4. In this 
Figure, only singular term of the power series is considered. The 
stress intensity factor is assumed as 0.4 MP a" m and the screen 
distance is set to 2.54 meters in order to compare the result to that 
of the mid-plane approximation as was shown in Chapter 2. 
The possible sources of error in numerical simulation of the 
exact geometric optical caustic come from iteration and floating 
point accuracy of computer. If a calculated value is smaller than 
floating point accuracy the computer, the computer treats the 
value as zero. In order to avoid this problem, all material 
constants and artificial coefficients are converted to the values 
within the floating point limit. The number of iteration in 
calculation of continuous changing light path inside the specimen 
(Chapter 3.3.2, 5]) does not give significant error, since the 
iteration is restricted to not exceed 1 e-13 ( the floating point limit 
is le-16). 
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CHAPTER FOUR 
RESULTS OF CAUSTICS 
4. 1 COMPARISON OF RES UL TS 
A comparison between the numerically generated exact 
geometric optical caustics and the mid-plane caustics is shown in 
·Figure 4.1. Only the singular term ( Yo term ) of the stress field is 
involved in both approaches. The coordinates are normalized with 
respect to r0 obtained from the equation (2.13 ). The error between 
the two caustics is calculated by the following formula. 
% error - Dtm - Dt X 100 
Dtm (4.1) 
Here, D tm is the transverse caustic diameter of the exact geometric 
caustic and D t is that of mid-plane approximation. The error 
between the two caustics is less than 1 % . Since the error is small, 
the plot shows no separation between each caustic curve. The 
error between the initial radius calculated by the equation (2.13) 
and by numerical search also shows less than 0.5% error. These 
results show a good agreement between the caustics as calculated 
by both methods. 
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4. 2 EFFECT OF HIGHER ORDER TERMS 
The influence of the different non-singular terms on caustic 
shape is shown in Figures 4.2 - 4.6. In each of these figures the 
coordinates are normalized same as in section 4.1. As mentioned 
before, all the constants 'Yn and 8m appearing in equations (3 .11) are 
arbitrary ai:id are determined from the boundary conditions. 
The Figure 4.2 shows the influence of the constant stress 
term [29]. Here, 'Yo is set equal to 1, Om =t 0, all other 'Yn, and 8m = 0. 
For tensile (80 = -0.3) and compressive (8 0 = +0.3) values of the 
constant stress term (See equation 3.8), there are no influences on 
the size, shape, or location of the caustic as noted in Table 4.1. 
Equation 4.1 was used to calculated the percent of error for all 
Tables in this Chapter. 
When the coefficient of the rl/2 term is allowed to vary, as 
shown in Figure 4.3, the shape of caustics change significantly. For 
positive values of y1, the caustic image shrinks and for negative 
values of y1, the caustic image expands. The magnitude of error 
resulting from the rl/2 term is shown in Table 4.2. 
If the coefficient of the r1 term is allowed to vary, the caustic 
shapes are changed as shown in Figure 4.4. For positive 8 1 value, 
the caustic shifts in the direction of x 1 and gets larger. For 
negative 8 1 value, the opposite happens. The error from the 
influence of r1 terms is shown in Table 4.3. 
If the coefficient of the r3/2 term is allowed to vary, the 
caustic shapes are changed as shown in Figure 4.5. For positive y2 
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80 
-0.6 
-0.3 
-0.1 
0.1 
0.3 
Table 4.1: 
yl 
-0.6 
-0.3 
-0 .1 
0.1 
0.3 
0.6 
Table 4.2: 
8 1 
-0.3 
-0.2 
-0. 1 
0.1 
0.2 
Table 4.3: 
% error 
0.160 
0.165 
0.169 
0.178 
0.175 
Errors in the transverse diameter of the 
caustic when the 80 term is included in 
the analysis. 
% error 
14.134 
8.525 
3.370 
-3.561 
-13.359 
-39.873 
Errors in the transverse diameter of the 
caustic when the Y1 term is included in 
the analysis. 
% error 
-32.734 
-14.961 
-5.243 
2.837 
3 .5 86 
Errors in the transverse diameter of the 
caustic when the 81 term is included in 
the analysis. 
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y2 
-0.20 
-0.10 
-0.05 
0.05 
0.10 
0.20 
Table 4.4: 
82 
-0 .05 
-0.03 
-0.01 
0.01 
0.03 
0.05 
Table 4.5: 
% error 
-9 .041 
-2.868 
-0.676 
6. 927 
-5 .041 
-26.663 
Errors 1n the transverse diameter of the 
caustic when the Y2 term is included in 
the analysis. 
% error 
2.197 
2.414 
1.240 
-1.173 
-4.698 
-9.257 
Errors in the transverse diameter of the 
caustic when the 82 term is included in 
the analysis. 
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value, the caustic image moves to the direction of negative x 1. The 
error from the influence of r3/2 term is smaller than that of rl .term. 
The error is tabulated in Table 4.4. 
When the coefficient of the r2 term is allowed to vary, the 
caustic shapes are shifted along the direction of x 1 as shown in 
Figure 4.6. For positive 62, the caustic curve shrinks and shifts out 
in the direction of x 1. For negative 62 , the opposite happened. The 
error from influence of the r2 term is shown in Table 4.5. 
It is seen from the Tables 4.1 - 4.5 that the non-singular 
terms cause a significant change in the caustic transverse diameter 
and, in general, they effect caustic shape significantly [30]. 
4. 3 LIQUID IMMERSED CAUSTICS 
4.3.1 Examination of the Near Tip Stress State 
In the near crack tip region, the two-dimensional field ( the 
K-field in the equation (3.12) ) shows that the u3 displacement is 
singular. This singularity is physically unacceptable. Thus the 
actual u3 displacement and gradient of u3 near the crack tip must 
differ from those of K-field prediction. Since the method of 
caustics is sensitive to both stress and u3 displacement, the caustic 
images one get from experiment and from mid-plane predictions 
are different in near crack tip region. 
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If the region around the crack tip is surrounded by a 
medium that has the same refractive index as the unstrained 
specimen, then the contribution of the near tip -surface gradients 
towards caustic formation is reduced to a second order effect and 
the primary effect is the stress-optic effect as mentioned in [ 13]. 
The liquid immersed caustic enables an evaluation of the influence 
of the near tip gradient changes. 
4.3.2 Numerical Simulation of Liquid Immersed 
Caustics 
The mid-plane analysis for caustic formed when the crack tip 
is immersed in a liquid remains the same as for caustics in air 
except the stress-optic coefficient. The stress-optic coefficient for 
the liquid immersed mid-plane caustics is given by the relation 
below [ 13]. 
(no-1) 
Cliq = Ct - E V (4.2) 
where stress-optic coefficient in air 
no refractive index of specimen 
v Poisson's ratio of specimen 
E Young's modulus of elasticity 
The exact geometric optical caustics were calculated by the 
same procedures as shown in Chapter 3.3, just refractive index of 
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air (nair) was substituted by- n1iquid which has the same value as the 
refractive. index of the specimen. 
The caustic diameters and initial radii are reduced nearly 50 
% in size than those of normal caustics. However, the normalized 
plots show similar results as those of normal caustics. Tables 4.6 -
4.10 for the liquid immersed caustics show percent of error, which 
was calculated by the equation ( 4.1 ). 
The Figure 4. 7 shows the influence of the constant stress 
term [29] in the liquid immersed caustics. Here, positive and 
negative values of 80 are applied to the equation (3.8) as in Chapter 
4.2. There are no influences on the size, shape, or location of the 
caustics as in the normal caustics (Figure 4.2). The magnitude of 
error resulting from the influence of the constant stress term is 
reduced by 60 % (Table 4.6) when compared to that of the normal 
caustics (Table 4.1 ). 
When the coefficient of the rl/2 term, y1, is allowed to vary, 
the shape of liquid caustics change significantly. The Figure 4.8 
show that for positive values of y1, the caustic image shrinks and 
for negative values of y1, the caustic image expands. This behavior 
is same as that of the Figure 4.3. The magnitude of error resulting 
form the influence of rl/2 term is shown in Table 4. 7. The Table 4. 7 
shows 5 % reduction in error when compared to that of the normal 
caustics (Table 4.2). 
The influence of the r 1 term in the liquid caustic shape is 
shown in Figure 4. 9. For positive value of 8 1, the caustic shifts in 
the direction of x 1 and expands, and for negative value of o 1, the 
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J.C 
80 
-0.6 
-0.3 
-0 .1 
0.1 
0.3 
Table 4.6: 
YI 
-0.6 
-0.3 
-0. 1 
0.1 
0.3 
0.6 
Table 4.7: 
01 
-0.3 
-0.2 
-0 .1 
0 .1 
0.2 
Table 4.8: 
% error 
0.048 
0.024 
0.008 
-0.008 
-0.021 
Errors in the transverse diameter of the 
liquid caustic when the 80 term is. 
included in the analysis. 
% error 
11.189 
5.677 
3.956 
-0.514 
-10.413 
-34.923 
Errors in the transverse diameter of the 
liquid caustic when the Y1 term is included 
in the analysis. 
% error 
-28.641 
-13.277 
-3.757 
2. 83 3 
2. 988 
Errors in the transverse diameter of the 
liquid caustic when the 81 term is 
included in the analysis. 
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Y2 
-0.20 
-0.10 
-0.05 
0.05 
0.10 
0.20 
Table 4.9: 
82 
-0.05 
-0.03 
-0.01 
0.01 
0.03 
0.05 
Table 4.10: 
% error 
-7.912 
-2.011 
-0.502 
5 .698 
-4.985 
-22.648 
Errors in the transverse diameter of the 
liquid caustic when the Y2 term is 
included in the analysis. 
% error 
1. 986 
2.106 
1.027 
-1.098 
-3.598 
-8.967 
Errors in the transverse diameter of the 
liquid caustic when the 82 term is included 
in the analysis. 
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opposite happens. This shifting and expanding behavior is same as 
that of normal caustics (Figure 4.4 ). Table 4.8 shows 4 % reduction 
in error when compared with the normal caustics (Table 4.3 ). 
If the influence of the r3/2 term is allowed to vary, the liquid 
caustic shapes shift in the direction of x 1 as in normal caustics 
(Figure 4.5). For the positive values of y2 , the caustic image moves 
to negative direction of x 1, and for the negative values of y2 , the 
caustic image moves to positive direction of x 1. This is seen in 
Figure 4.10, and the percent of errors are tabulated in Table 4.9. 
The magnitude of percent error in the Table 4.9 shows 6 % 
difference between that of the Table 4.4. 
The influence of the r2 term in the liquid immersed caustic is 
shown in Figure 4.11. As in normal caustics (Figure 4.6), the liquid 
caustic shapes shift along the direction of x 1. For negative 82, the 
caustic expands and shifts out in the direction of x 1. For positive 82, 
the opposite happened. The error form influence of the r2 term in 
liquid caustics is shown in Table 4.10. 
4. 4 INITIAL RADIUS SHAPES 
The mid-plane approximation predicts that a circle, initial 
radius, on the specimen plane is mapped into the caustic on the 
screen plane. It must be realized that this prediction is based on 
the singular term approximation for the crack-tip stress field. 
Since the object of this work is to examine the influence of higher 
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order terms, it is necessary to study their influence on the initial 
radius shape. Theocaris and Spyropoulos [11] and Lee [12] 
demonstrated that when higher order stress terms are involved, 
the initial radii are non-circular using mid-plane approximation of 
caustics. 
In this section, the shape of the initial. radii was studied 
using numerical simulation of the exact geometric optical caustics. 
As shown in the Figure 3.4, caustic is a image constructed by mapy 
parabolic lines. Construction of these parabolic lines can be 
explained by the Figure 3 .1. A light ray close to the crack-tip on 
the specimen plane deviates a lot and maps into outside of the 
three dimensional envelope of lights. When position of a light ray 
on the specimen plane moves farther from the crack-tip, the 
mapping point gets closer to the envelope of lights. The convex 
points of these parabolic curves construct a caustic image as in 
Figure 4.12. The rl/2 term (y1 = -0.3) of the stress field is included 
as Chapter 4.2. The each points of light ray on the specimen plane 
which maps into the convex point of each parabolic curves, initial 
points, are found numerically. The Figure 4.12 shows the curve 
constructed from these initial points is not a circle. Bumps on the 
non-circular initial curve come form the resolution of numerical 
simulation. This non-circular initial curve can cause errors in mid-
plane analysis when higher order terms are involved. The 
numerical simulation of the exact geometric optical mapping 
( Chapter 3 .3) eliminates this problem. 
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2.0 
CHAPTER FIVE 
EXPERIMENTAL RESULTS 
5. 1 EXPERIMENT AL SETUP 
All of the studies mentioned so far are based on exact 
geometric optical caustics and they finally predict that the caustic 
diameter is unambiguously determined. In reality however, the 
caustic is a band of bright light that surrounds a dark region. If 
one were map the variation of the light intensity through this 
bright band, using digital image analysis, it is observed that the 
maximum light intensity occurs somewhere away from the dark-
bright region boundary. The location where caustic diameter 
should be measured to get satisfactory results is studied 
experimentally. 
The experimental setup shown in Figure 5 .1 is used to obtain 
the transmission caustics. A laser beam is directed into a parabolic 
mirror. This parabolic mirror diffuses the laser beam into a 
uniform field of parallel light rays. Then these parallel light rays 
are reflected by the plane mirror and pass through a simple 
tension loaded transparent specimen. The angles of the both 
mirrors are carefully set in order to maintain the parallelism of the 
light rays. The caustic images on the grid screen are recorded by a 
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video camera. The selected caustic image are acquired by- a digital 
image analysis system, and digitized and stored in a magnetic 
media for analysis. 
Three Plexiglas (table 2.1) specimens whose geometry is 
illustrated in Figure 5.2 were used in the experiment. The crack· 
lengths used were 18 mm, 20 mm and 28 mm. The crack were 
produced by first creating initial slits with a band saw of width 0.5 
mm. A sharp razor blade was introduced in the slit and the cracks 
were extended by impact. Each specimen was pin-loaded in 
tension . 1n a loading frame, at different loads and the 
corresponding caustics were recorded on video tape from a screen 
plane placed at a distance of 4.32 m from the specimen. A total of 
ten caustic images (ten trials) were recorded for the following 
analysis. 
5. 2 DETERMINATION OF CAUSTIC DIAMETER 
The experimental work described here addresses a practical 
aspect of caustic data analysis. Geometric optics leads to a 
conclusion that the caustic is a curve of infinite light intensity and 
since the caustic diameter can be measured unambiguously. 
However, the observed caustic appears as a bright band of light 
surrounding a dark region and there exists an ambiguity in the 
exact location of the caustic diameter. This question has been 
discussed by several scholars such as Nigam and Shukla [31], 
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Theocaris [4,10,11,14,30], and Karnath and K_im [6]. It is cl~ar from 
the results of Karnath [6] that the prediction of a unique curve of 
infinite intensity is the result of the geometrical optics assumption 
which neglects the wave aspect of light propagation. The 
geometrical optics assumption is the first approximation . 10 a 
mathematical description of the phenomenon of caustic formation. 
One should account for the wave nature of light as· done in [6] in 
order to gain a more accurate description of caustic· phenomenon.-
The results from [6] predict a finite light intensity when the wave 
nature of light is taken into account in the analysis. This is a more 
physically admissibl_e result. In addition, the results from [ 6] lead 
to a relationship between light intensity and stress intensity factor. 
However, if one wants to retain the simplicity of the mid-plane 
approximation, which has been shown to be fairly reliable, certain 
empirical guidelines must be established about the definition of 
diameter to be used in the caustic formula. Following this line of 
argument, if one is to consider a cracked specimen where the 
stress intensity factor is known form a calibration formula, then 
different caustic diameters can be used in the mid-plane formula 
to evaluate which one of them consistently matches the known 
result. This is the rationale behind the present work. 
Each caustic image was digitized and a window was defined 
on the image as illustrated in Figure 5 .3. Here, a caustic 
photograph is superposed on a light intensity plot and the window 
is shown on the photograph. Light intensity variations were then 
plotted for all the rows in the window, each row being one pixel 
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variation 
the caustic 
diameter 
along 
and 
the 
the 
thick. The diameter at the· dark..;bright transition boundary was 
determined for each row and the 
. 
maximum of these 
measurements was selected as Di the inner diameter. Three other 
diameters, defined in the Figure 5. 3, were measured at the same 
row where Di was measured. These three diameters were 
a) the distance between the first peaks following the transition 
into the bright band called D max 
b) the distance between the outer edges of the bright bands 
called D outer 
c) the distance between the points of intersection of the mean 
intensity level and the rising portion of the light intensity 
variation following the transition into the bright region called D m. 
The mean intensity level was determined using the intensity 
values between the points defining D outer· A fifth diameter Dave, 
computed as the average of Di and D m, was also obtained and stress 
intensity factors were computed from these diameters using the 
fallowing formula. 
K . - 2 ,fI;t ( D )52 
expenmental - 3 zo h C 3_ 17 (5 .1) 
where D represents each one of the diameters defined above. 
Since the external load and specimen geometry are known, it 
is possible to obtain a calibration value [32] Ktheoretical for the crack 
tip stress intensity factor. Two different configurations; 1) those of 
a single edge cracked plate under tension and 2) finite width strip 
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under tension were used in computing of stress intensity factors. 
A plot .of the non-dimensionalized ratios is presented in Figures 5 .4 
and 5.5. It is seen from the two plots that stress intensity factors 
obtained from D outer and o: max are large overestimates of the 
calibration value. The values obtained using Di are, in general, 
underestimates with a maximum underestimation error of 11 
percent. The values obtained using D m tend to be overestimates 
with a maximum error of 11 percent, but are more evenly 
scattered around the mean. It is arguable that the calibration 
value itself may involve errors and hence the differences shown 
here are only relative and depend on the accuracy of the two 
methods used to compute the stress intensity. Hence, one can only 
make qualitative inferences from the data presented here, it is 
suggested that D m be used to obtain reasonable upper bounds of 
the stress intensity factor. It is also suggested that Dave seems to 
have the least scatter about the mean be used to evaluate the 
caustic diameters. 
The possible sources of error from the experiment above 
come from the measurement of screen distance and analysis of 
transverse caustic diameter on computer screen (equation 2.16). 
The measurement of the transverse diameters from the light 
intensity variation plot (Figure 5.3) on the computer 
. 
screen 1s 
totally manual and it is easy to have 1 or 2 pixel difference. 
However, the size of one pixel is 0.0235 mm, because the image on 
the computer screen is 15 mm wide and the computer screen has 
640 pixels. The error from measurement of the screen distance 
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has +0.5 inch of error. Thus, the error from the experiment itself 
is less tha·n +3 .5 % by the formula below. 
2 2 (a(equ. 2.16) L\zo) + (a(equ. 2.16) L\Dt) 
% error= azo ao1 x 100 (5.2) 
where zo = screen distance ( 4.32 m = 4320 mm) 
L\zo = error in zo ( +0.5 inch) 
Dt - any transverse diameter -
of caustics (15 mm - 17 mm) 
L\D1 - error in pixel (0.0235 mm) 
-
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CHAPTER SIX 
CONCLUSIONS 
In this thesis, the results from an analysis of basic caustic 
theory have been presented and the fallowing conclusions can be 
reached. 
( 1) It is seen that the results from the exact geometric optical 
caustics and from the mid-plane approximation show good 
agreement within less than 1 % of error. Thus it can be concluded, 
that the method of mid-plane approximation is accurate enough to 
use. However, care must be exercised in analysis of caustics which 
involves near crack-tip stress field. 
(2) It 1s seen that higher order terms affect caustic shape 
significantly and certain percentage differences are presented 
based on the exact geometric optical mapping approach as opposed 
to the mid-plane-approximation. 
(3) It is demonstrated that the liquid immersed caustics can be 
used to analyze near crack-tip stress intensity factors. Effect of 
the higher-order terms in the liquid immersed caustic gives 
similar results to those of the air caustics. 
( 4) The initial curve of a caustic curve is traced back by means 
of numerical scheme. It is shown that the initial curve is not 
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tircular. This non-circularity c~n cause error in mid-plane analysis 
which involves higher-order stress terms. In. the exact geometrical 
optical caustics, the effect of this non-circularity can be eliminated 
by using numerical simulation as Chapter 3.3. 
( 5) An attempt to obtain empirical guidelines to the use of the 
caustic formula leads to the conclusion that stress intensity factors 
computed using the outer caustic diameter of the diameter 
corresponding to peak intensities in the caustic band are 
overestimates. The mean diameter seems to offer a reasonable 
upper bound for the stress intensity factors. 
The effect of higher order terms in stress field on formation 
of caustic shape and the liquid immersed caustics can be extended 
to birefringent material case. The experimental assurance about 
the non-circular initial curve of caustics can be performed. 
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